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Abstract
A general form of the Schwarzschild and de Sitter static solutions obtained with a new free parameter.
At some values of this parameter we obtain the line element on various static coordinate systems with
and without singularities.
1 The generalization of the Schwarzschild solution
The general form for the spatially symmetric static line element of a mass point is (notations by [1] ):
ds2 = gikdxidxk = eν(r)c2dt2 − eµ(r)(dϑ2 + sin2 ϑdϕ2)− eλ(r)dr2 (1)
where x0 = ct, x1 = r, x2 = ϑ, x3 = ϕ, and ν(r), λ(r), µ(r) are some functions. The problem is in nding
these functions by the use of the eld equations in empty space. We have also one additional coordinate
condition equation as result of the coordinate freedom for radial coordinates and we can use this condition
for a simplication of the line element.
In the case of the standard Schwarzschild solution the coordinate condition used for the transformation
of the line element to the coordinate system with a new radial coordinate R(r) with the property eµ = R2:
ds2 = eν(R)c2dt2 −R2(dϑ2 + sin2 ϑdϕ2)− eλ(R)dR2 (2)
The solution is [2] :
eν(R) = 1− rg
R2
(3)
eν(R) = e−λ(R) (4)
where rg = 2km/c2 is the gravitational radius.
Here the relationship ν(R) = −λ(R) is obtained as the result of the solution of the eld equations. The
line element has the singularities at R = 0 and R = rg, the determinant g and the curvature tensor have
singularities only at R = 0.
Since the condition eµ = R2 leads to the singular line element, Schwarzschild had considered in his rst
paper [2] a more general situation. He does not restrict the function eµ(r), but he uses the old Einstein
restriction for the determinant of the metrics
p−g = 1 as the coordinate condition equation, which leads to
the relationship λ0 + ν0 = −2µ0. Then the solution of the Einstein equations with these conditions gives the
form of the standard Schwarzschild solution in Eq.(2)-(3), but with R as a function of the radial coordinate
r and new parameter ρ:
R(r) = (r3 + ρ3)1/3 (5)
As a result, at the value ρ = rg the line element has the singularity at r = 0 only and at ρ > rg the
theory is free from the singularities. At ρ = 0 we obtain the standard Schwarzschild solution.
In the recent papers [3] [4] I showed that this method of generalization of the standard Schwarzschild
solution can be used for the solution of Einstein equations without a determinant condition. I obtained
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from eld equations the line element Eq.(2)-(3) with the relationship R(r) = r + ρ by starting from Eq.(4)
ν(R) = −λ(R) as the coordinate condition. Here I repeat this solution procedure and then I shall also show
an applicability of this method to the cosmological problems.
The components of the metric tensor for line element Eq.(1) are:
g00 = eν(r), g11 = −eλ(r), g22 = −eµ(r), g33 = −eµ(r) sin2 ϑ (6)
We have the eld equations for this metrics [1] :















e−λ[2ν00 + 2µ00 + (µ0)2 + (ν0)2 − µ0λ0 − ν0λ0 + µ0ν0] = 0 (9)
Then we have:















µ0(λ0 + ν0) = 0 (11)




(µ0)2 = 0 (12)

















(r + ρ) (15)
where ρ is an integration constant, and











= 2 ln(r + ρ) + ln b (17)
and:
eµ = b  (r + ρ)2 = (r + ρ)2 (18)
Here the innity condition for eµ(r) ! r2 is required for the integration constant b = 1.
So, taking into account the denition of R(r) we obtain:
eµ = R2 = (r + ρ)2 (19)
and:
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R(r) = r + ρ (20)
The Eq.(8) we can rewrite as:
2ν00 + 2µ00 + (µ0)2 + (ν0)2 − µ0λ0 − ν0λ0 + µ0ν0 = 0 (21)
Then, taking into account the equation for µ and the coordinate condition we have:
ν00 + (ν0)2 + µ0ν0 = 0 (22)
or:
eν(ν00 + (ν0)2) = −µ0ν0eν (23)
(eν)00 = −µ0(eν)0 (24)






After the integration we obtain:
ln q = −µ + ln α (26)









= b2 − α
r + ρ
(28)
The integration constant b2 = 1 from the innity condition eν = 1 and we have:
eν = e−λ = 1− α
r + ρ
(29)
For the line element with α = rg our general solution is:
ds2 = (1− rg
r + ρ
)c2dt2 − (r + ρ)2(dϑ2 + sin2 ϑdϕ2)− 1
(1 − rgr+ρ)
dr2 (30)
We see that this line element is free from singularities at r = 0 at the values ρ > rg. In this case at r = 0
we have:
ds2 = (1− rg
ρ







the line element is regular in whole space.
After introducing the relationship R(r) = r + ρ into Kerr’s solution for a nite size rotating body [1] ,
the Kerr’s line element becomes free from singularities for the nite size objects at some values of ρ [4] .
Our solution Eq.(30) is the general solution of Schwarzschild’s problem for a class of static coordinates
with the restriction λ(r) = −ν(r). The question about acceptable static coordinate systems is the main
question after nding the general solution. Here we consider as physically equivalent only such transforma-
tions which preserve the centre of the coordinate system at the source (at the point mass): if r ! R(r), then
at r = 0 we must obtain R = 0. All other coordinate systems we treat from this criterium as nonphysical,
because if R(0) 6= 0, we can not treat R as the radial coordinate for the centrally symmetric system with
the centre at the mass point.
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If we denote ρ = (rρ + rg)/2 = (q + 1)rg/2 = (q + 1)β , where β = rg/2 and q = rρ/rg, then the line
element Eq.(30) we can rewrite as:
ds2 =
r + (q − 1)β
r + (q + 1)β
c2dt2 − [r + (q + 1)β]2(dϑ2 + sin2 ϑdϕ2)− r + (q + 1)β
r + (q − 1)β dr
2 (33)
which is exactly the form of line element found by A.Loinger [6] as a generalization of some standard and
nonstandard static coordinate systems for the Schwarzschild’s problem. The value ρ = 0 or q = −1 gives
us the standard Schwarzschild solution, ρ = rg/2 or q = 0 as in the case of Fock’s harmonic coordinates,
ρ = 3rg/2 or q = 1/2 are isotropic coordinates, and ρ = rg or q = 1 is Schwarzschild’s proposal [2] with the
singularity at the source.
The value of a new free parameter of the Einstein theory ρ determines what kind of situation is realized in
nature - with or without singularities. The theoretically preferable values are ρ > rg without any singularity,
for example, ρ > rg + rc, where rc = ~/mc is the Compton length of the source. For macroscopic objects
rg > rc and rg is the lower limit for ρ, but for microscopic particles rg < rc and rc is the lower limit for ρ since
the localization of the source more precisely than rc is impossible. It is interesting that this treatment can
explain the gravitational stability of "point" elementary particles and the inexistence of point macroscopic
objects with rg > rc.
The parameter ρ contains a new fundamental constant of gravitational physics the same as the rg contains
the gravitational constant k. If the gravitational constant k describes the interaction of the gravitational
eld with matter, the new parameter ρ, after excluding mass dependence, must describe the interaction of
the gravitational eld with the vacuum [4] [5] .
So, we can determine ρ only from the experiments and if ρ > 0, this fact will open new frontiers for
gravitational physics. The contribution to the red shift formula from ρ-dependent terms leads to some

















+ δϕ(0)1/c4 = (δϕ)
(0)(1− ρ
R









) + (δϕ)(0)1/c4 (36)
Since new parameter ρ ∼ rg ∼ 1/c2 , then all ρ-dependent corrections are second order (1/c4) corrections,
which can be measured in the near future. If the results of measurements will indicate ρ > rg then the Einstein
theory of gravitation not predicts the existence of the black holes and the theory is free from singularities.
2 The generalization of the de Sitter static solution
In the case of the de Sitter static solution [7] we have the same general line element Eq.(1), but for the
matter with a constant energy density ε and a constant pressure p:
T ik = (ε + p)u
iuk − pδik (37)
at the condition:
ε + p = 0 (38)
The standard de Sitter static solution we obtained with the initial coordinate condition eµ = R2 and the
result is:
ds2 = eν(R)c2dt2 −R2(dϑ2 + sin2 ϑdϕ2)− eλ(R)dR2 (39)
and:
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eν(R) = e−λ(R) (40)




where R20 = 3/κε. This solution contains the singularity at R = R0.
We shall generalize this solution by the same method, as in the case of mass point. We shall not restrict
the function eµ and we start from the general line element Eq.(1), but we take the relationship ν(r) = −λ(r)
as the initial coordinate condition.
The Einstein equations are:















e−λ[2ν00 + 2µ00 + (µ0)2 + (ν0)2 − µ0λ0 − ν0λ0 + µ0ν0] = −κp (44)
Then we have:















µ0(λ0 + ν0) = 0 (47)




(µ0)2 = 0 (48)
This equation is exactly as in the case of mass point and the solution is:
eµ = R2 = (r + ρ)2 (49)
and:
R(r) = r + ρ (50)
The equation for G22 we can rewrite as:
2ν00 + 2µ00 + (µ0)2 + (ν0)2 − µ0λ0 − ν0λ0 + µ0ν0 = 4κpeλ (51)
Then, taking into account the equation for µ and the coordinate condition, we obtain:
eν(ν00 + (ν0)2 + µ0ν0) = 2κp
or:
eν(ν00 + (ν0)2) + µ0ν0eν = 2κp (52)
(eν)00 + µ0(eν)0 = 2κp (53)
Then (q = (eν)0) after some calculations:
REFERENCES 6
eµq0 + (eµ)0q = 2κpeµ (54)
(eµq)0 = 2κp(r + ρ)2 (55)
eµq = 2pκ
∫
dr(r + ρ)2 =
2κp
3
(r + ρ)3 + a (56)
q = (eν)0 =
2κp
3














eν = b +
κp
3
(r + ρ)2 − a
r + ρ
(59)
Then the nal result for b = 1 is:






where R20 = −3/κp = 3/κε.








We see that the radius of singularity decreased for ρ > 0 and the singularity can not be excluded for any
values of parameters at r > r0. The parameter ρ decreases the volume of a nonsingular part of the space and
since ρ ∼ R0,then this volume becomes very small. This fact indicates the importance of the new parameter
in analyzing the de Sitter cosmological models, because ρ is not just an additional parameter which alines
to the model, but it is an intrinsic property of the model. Neglecting this property leads to the unjustied
simplication of the model.
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